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Abstract
Kotzig (see Bondy and Murty, Graph Theory with Applications, North-Holland, Amsterdam,
1976) conjectured that there exists no graph with the property that every pair of vertices is
connected by a unique path of length k; k > 2. Kotzig (Graph Theory and Related Topics,
Academic Press, New York, 1979, pp. 358{367) has proved this conjecture for 2<k< 9.
Xing and Hu (Discrete Math. 135 (1994) 387{393) have proved it for k > 11. Here we prove
this conjecture for the remaining cases k = 9; 10; 11. c© 2000 Elsevier Science B.V. All rights
reserved.
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1. Introduction
We only consider undirected graphs with no loops nor multiple edges in this paper.
In 1974, Kotzig made the following conjecture (see [1, p. 246, Problem 4]): There
exists no graph with the property that every pair of vertices is connected by a unique
path of length k (k > 2). Let us call a graph with this property a P(k)-graph. Clearly,
every P(k)-graph is connected. Since each edge of G lies in precisely one (k+1)-cycle,
G is Eulerian. So we have
Lemma 1.1. A P(k)-graph G is Eulerian.
( Research supported by the People's Republic of China Natural Science Foundation under grant 69473031.
∗ Corresponding author.
0012-365X/00/$ - see front matter c© 2000 Elsevier Science B.V. All rights reserved.
PII: S0012 -365X(99)00153 -3
288 Y. Yang et al. / Discrete Mathematics 211 (2000) 287{298
Kotzig has proved the following lemma [2]:
Lemma 1.2. (1) A P(k)-graph G contains a 2n-cycle with 36n6k − 4;
(2) A P(k)-graph G contains no 2n-cycle with n 2 f2; k − 3; k − 2; k − 1; kg; and
for 2<k< 9 there exists no P(k)-graph.
Xing and Hu have proved the following lemma [3]:
Lemma 1.3. There exists no P(k)-graph with k > 11.
In this article we prove this conjecture for the remaining cases:
Theorem 1.4. There exists no P(k)-graph with k = 9; 10; 11.
To prove Theorem 1.4, suppose the contrary: G is such a graph. Then by Lemma 1.2,
G contains a 2(k−4)-cycle C. For convenience denote C by w0w1w2 : : : w2(k−4)−1w0.
Now, let us draw C in the plane. Then C divides the plane into three disjoint sets,
namely, the interior of C; exterior of C and C itself. We assume that all the
vertices and the edges of G which are not in C are drawn in the interior of C.
If P is a path from wi to wj such that V (P) \ V (C) = fwi; wjg; E(P) \ E(C) = ;
then we call P a bridge-path. wi and wj are called the vertices of attachment of P.
Let P be a (u0; ul)-path of length l; P = u0u1u2 : : : ul; the segment of P between ui
and uj is denoted by uiPuj if i< j and by ui Puj if i> j. Let wiCwj and wi Cwj
denote wiwi+1 : : : wj−1wj and wiwi−1 : : : wj+1wj respectively, where the subscripts are
considered taken modulo 2(k−4). A cycle is called an even cycle if the number of its
edges is even and called odd otherwise. We call a bridge-path of P of length l a short
bridge-path if l=1; and a long bridge-path if l> 1. We call a bridge-path P of length
l from wi to wj an r bridge-path, where r = l−min(j − i; 2(k − 4)− (j − i)); j > i.
2. Some structural lemmas
Let us exhibit some facts about a P(k)-graph.
Lemma 2.1. If a P(k)-graph G has a cut point; then there exists a P(k)-graph G1
with jV (G1)j < jV (G)j.
Proof. Let H1; : : : ; Hr be the connected components of G−v; Let G1=G−V (H2)−  −
V (Hr). Since G is a P(k) graph, for any pair of vertices of G1; say va; vb, there exists a
unique path P of length k connecting va and vb. Let P=v0v1 : : : vk−1vk ; v0=va; vk=vb.
Since v is a cut point of G; vi 2 V (G1); 06i6k. Hence G1 is a P(k)-graph with
jV (G1)j< jV (G)j.
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A P(k)-graph with no cut point is called an S(k)-graph.
From [3], we have the following lemma:
Lemma 2.2. If C2n is a 2n-cycle of an S(k)-graph G(n6k); then there is no (u0; v0)-
path P of length at least k − n such that V (C2n) \ V (P) = fu0g.
Lemma 2.3. If C2n = u0u1 : : : u2n−1u0 is a 2n-cycle of an S(k)-graph G; then there is
no path P of length k − n such that V (C2n) \ V (P) = fu0; uig 1<i6n.
Proof. Let P = u0v1 : : : vk−n−1ui; (see Fig. 1a), then Pa = u1u0PuiC2nui+n−1 and Pb =
u1C2nui Pu0 C2nui+n−1 are two paths of length k from u1 to ui+n−1. This contradicts to
the assumption of G.
Lemma 2.4. If G is an S(k)-graph with k>9, then G contains no long bridge-path
P from wi to wj such that wiCwj Pwi is an even cycle.
Proof. If the length of wiCwj Pwi is 2m; let P = wiu1u2 : : : u2m−x−1wj (see Fig. 1b).
Then j−i=2m−(2m−x)=x. Without loss of generality, we may assume that x6k−4.
Since the length of wiPwjCwi is 2(k − 4 + m− x); by Lemma 2.2, we have
x − 1 < k − (k − 4 + m− x);
so
m< 5: (1)
Since G is a simple graph, m> 1. By Lemma 1.2 m 6= 2; hence m=3 or 4. Since the
length of wiCwj Pwi is 2m; by Lemma 2.2, we have
2(k − 4)− x − 1<k − m;
so
k <x + 9− m: (2)
Since P is a long bridge-path of length 2m− x; hence 2m− x>2; x62m− 2
k < 2m− 2 + 9− m= m+ 7611:
Case 1. Suppose k=10; then by (2), x>k+m−9=m+1. Recall that x6k−4=6;
the only possible Case is m= 4; x= 6 (see Fig. 1c, G1). By Lemma 2.3, G1 is not an
S(10)-graph.
Case 2. Suppose k = 9; then by (2), x>k + m− 9 = m. Recall that x6k − 4 = 5;
the only possible cases are m = 4; x = 5 (see Fig. 1c, G2) and m = 3; x = 4 (see
Fig. 1c, G3). By Lemma 2.3, neither G2 nor G3 is an S(9)-graph.
From Lemmas 1.2 and 2.2, there is no bridge-path of length at least 5. Notice that
Lemma 2.3 requires i> 1. So we cannot reduce the length 5 to length 4 for general
case.
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Fig. 1.
Lemma 2.5. For k>9; an S(k)-graph consists of C and some bridge-paths of length
at most 4 and furthermore; the internal vertices of every bridge-path have degree 2.
Proof. Let G be an S(k)-graph for some k>9. Since G contains no cut point, for every
vertex u 62 V (C); we may assume that there exists a bridge-path P of length l such
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that u 2 V (P). Since C has length 2(k − 4); by Lemma 2.2, l64. Now, if d(u)> 2,
then there exists a path P1 from u to v such that V (P1) \ (V (C) [ V (P)) = fu; vg.
(Otherwise, u will be a cut point of G; a contradiction to the assumption of G). Let
P = u0u1 : : : ul−1ul; u0 = wi; ul = wj; u= ut .
Case 1. us= v. Without loss of generality, we may assume that s> t. (see Fig. 1d).
Let lc = juPv P1uj. By Lemma 2.2, lc64. By Lemma 1.2, lc 6= 4. Hence lc = 3. By
Lemma 2.4, wiCwj Pwi is an odd cycle. It follows that wiCwj Pv P1u Pwi is an even
cycle. a contradiction to Lemma 2.4.
Case 2. ws = v. Without loss of generality, we may assume that j> s> i. (see
Fig. 1e). By Lemma 2.4, wiCv P1u Pwi and uP1vCwj Pu are both odd cycles, it follows
that wiCwj Pwi is an even cycle, a contradiction to Lemma 2.4.
3. The proof of Theorem 1.4
From now on, we only consider the cases with k = 9; 10; 11. Let
Sr(k) = fr: there is an r bridge-path in an S(k) graphg:
Lemma 3.1. Sr(9) = f3; 1; −1; −3; −4g; Sr(10) = f3; 1; −1; −3; −4; −5g; Sr(11) =
f3; 1;−1;−3;−5;−6g:
Proof. Let G be an S(k)-graph. By Lemma 2.4, G contains no long bridge-path P
from wi to wj such that C = wiCwj Pwi is an even cycle. Now, if P is a short
bridge-path, by Lemma 1.2, n 6= 4. For k = 11; by Lemma 2.2, n 6= 6. Recall that
r= l−min(j− i; 2(k−4)− (j− i)); j > i; we have Sr(9)=f3; 1;−1;−3;−4g; Sr(10)=
f3; 1;−1;−3;−4;−5g; Sr(11) = f3; 1;−1;−3;−5;−6g.
Lemma 3.2. If G is an S(k)-graph; which contains an r1 bridge-path P1 of length l1
from w0 to wi and an r2 bridge-path P2 of length l2 from wi to wj; then 1) if l1 = l2
then j 6= 0; 2) r1 + r2< 0.
Proof. Since there is no cut point in an S(k)-graph, we have j 6= i. Without loss of
generality, we may assume that i6k − 4 and r26r1.
Case 1. Suppose l1 = l2 = x and j = 0. By Lemma 1.2, x 2 f3; 4g.
Case 1.1 i = 1 (see Fig. 2a, G1), in this case Pa = w0P1wiCwk−x+1 and Pb =
w0 P2wiCwk−x+1 are two paths of length k from w0 to wk−x+1. This contradicts to the
assumption of G.
Case 1.2 i> 1 (see Fig. 2a, G2), in this case Pa = wi−1 Cw0P1wiCwk−x+1 and
Pb = wi−1 Cw0 P2wiCwk−x+1 are two paths of length k from wi−1 to wk−x+1. This
contradicts to the assumption of G.
Case 2. Suppose r1 + r2>0. By Lemma 3.1, r1 + r2 2 f0; 2; 4; 6g.
Case 2.1. j6i + k − 4 (see Fig. 2a, G3).
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Fig. 2.
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Fig. 2. Continued
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Fig. 2. Continued
Case 2.1.1. If r1 + r2 2 f2; 4; 6g; then w0P1wiP2wjCw0 is a 2n-cycle with n 2
fk − 3; k − 2; k − 1g; a contradiction to Lemma 1.2.
Case 2.1.2. If r1 + r2 = 0; then r1 2 f3; 1g. By Lemma 2.2, l164; hence i63;
j < j + k − 863 + k − 4 + k − 8< 2k − 8:
Y. Yang et al. / Discrete Mathematics 211 (2000) 287{298 295
Now Pa=wj+k−8Cwj and Pb=wj+k−8Cw0P1wiP2wj are two paths of length k from
wj+k−8 to wj; This contradicts to the assumption of G.
Case 2.2. j> i + k − 4 (see Fig. 2a, G4). Let C2n = wjCw0P1wiP2wj; then
2n= i + r1 + 2k − 8− j + i + r2 + 2k − 8− j = 2





k − n= j − i − r1 + r2
2
− (k − 8)6j − i − 1:
Now, there exists a path P = wi+1Cwj with a length of j − i − 1>k − n such that
V (C2n) \ V (P) = fwjg; a contradiction to Lemma 2.2.
Lemma 3.3. If G is an S(k)-graph; then G contains no r1 bridge-path P1 of length
4 such that V (C) \ V (P1) = fw0; wig:
Proof. By Lemma 2.3, the only possible case is i = 1; r1 = 3. By Lemma 1.1, G is
Eulerian. There exists an r2 bridge-path P2 from wi to wj. By Lemmas 3.1 and 3.2,
r2 = −4 for k = 9; r2 2 f−4;−5g for k = 10 and r2 2 f−5;−6g for k = 11. Fig. 2b
shows all the possible cases of G. The two black points in graphs Ht (16t68) denote
the pair of vertices, which are connected by two paths of length k. This contracts to
the assumption of G.
By Lemma 3.3, 3 62 Sr(k); k = 9; 10; 11.
Lemma 3.4. If G is an S(k)-graph; which contains an r1 bridge-path P1 from w0 to
wi and an r2 bridge-path P2 from wi to wj; then (k; r1; r2) 62 f(10; 1;−3); (11; 1;−3);
(11; 1;−5); (10;−1;−1); (11;−1;−1); (11;−1;−3)g:
Proof. Case 1. j6i + k − 4.
Case 1.1. r1 = 1 (see Fig. 2c, G1). Let x = (r2 + 1)=2; we have
j< j + k − 8 + x62k − 12 + i + x< 2k − 8:
Now Pa = wj+k−8+xCwj+x and Pb = wj+k−8+xCw0P1wiP2wj Cwj+x are two paths of
length k from wj+k−8+x to wj+x; This contradicts to the assumption of G.
Case 1.2. r1 = r2 = −1 (see Fig. 2c, G2). Pa = wj+k−9CwiP2wj and Pb =
wj+k−9Cw0P1wiCwj are two paths of length k from wj+k−9 to wj; a contradiction to
the assumption of G.
Case 1.3. r1 = −1; r2 = −3 (see Fig. 2c, G3). Pa = wj+1Cwj−2 and Pb =
wj+1Cw0P1wiP2wj Cwj−2 are two paths of length k from wj+1 to wj−2; a contra-
diction to the assumption of G.
Case 2. j> i + k − 4 (see Fig. 2c, G4). Let C2n = wjCw0P1wiP2wj; then
2n= i + r1 + 2k − 8− j + i + r2 + 2k − 8− j = 2





k − n= j − i − r1 + r2
2
− (k − 8)6j − i − 1:
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Now, there exists a path P = wi+1Cwj with a length of j − i − 1>k − n such that
V (C2n) \ V (P) = fwjg; a contradiction to Lemma 2.2.
Lemma 3.5. If G is an S(k)-graph; then G contains no r1 = 1 bridge-path P1.
Proof. Let P1 be from w0 to wi. By Lemma 3.3, the only possible cases are i = 1; 2.
By Lemma 1.1, G is Eulerian. There exists an r2 bridge-path P2 from wi to wj. By
Lemmas 3.1{3.4, r2 2 f−3;−4g for k = 9; r2 2 f−4;−5g for k = 10 and r2 =−6 for
k = 11. Fig. 2d, Ht (16t616) show all the possible cases of G.
Case 1. t 62 f10; 12; 14g. The two black points in graphs Ht (16t616) denote the
pair of vertices, which are connected by two paths of length k. This contradicts to the
assumption of G.
Case 2. t 2 f10; 12; 14g. By Lemma 1.1, G is Eulerian. There exists an r3 bridge-path
P3 from w0 to wx. By Lemma 1.2, G contains no 4-cycle. By Case 1, 2.1, Fig. 2d,
Qx (16x63) show all the possible cases of G. The two black points in graphs
Qx (16x63) denote the pair of vertices, which are connected by two paths of length
k. This contradicts to the assumption of G.
Lemma 3.6. If G is an S(k)-graph; then G contains no r1 =−1 bridge-path P1.
Proof. Let P1 be from w0 to wi with r1 =−1. By Lemma 3.3, the only possible cases
are i = 2; 3; 4. By Lemma 1.1, G is Eulerian. There exists an r2 bridge-path P2 from
wi to wj. By Lemmas 3.1{3.5, r2 2 f−1;−3;−4g for k = 9; r2 2 f−3;−4;−5g for
k = 10 and r2 2 f−5;−6g for k = 11. By Lemma 1.2. G contains no 4-cycle. Fig. 2e,
Ht (16t650) show all the possible cases of G.
Case 1. t 62 f5; 6; 7; 11; 22; 23; 24; 29; 40; 42g. The two black points in graphs
Ht (16t650) denote the pair of vertices, which are connected by two paths of length
k. This contradicts to the assumption of G.
Case 2. t 2 f5; 6; 7; 22; 23; 24; 29; 40; 42g. By Lemma 1.1, G is Eulerian. There exists
an r3 bridge-path P3 from w0 to wx. By Lemma 1.2, G contains no 4-cycle. By Cases
1,2 and 3.1, Fig. 2e, Qx (16x612) show all the possible cases of G. The two black
points in graphs Qx (16x612) denote the pair of vertices, which are connected by
two paths of length k. This contradicts to the assumption of G.
Case 3. t = 11. By Lemma 1.1, G is Eulerian. There exists an r3 bridge-path P3
from wj to wx. By Lemma 1.2, G contains no 4-cycle. By Lemmas 3.1{3.5, Fig. 2e,
Rx (16x64) show all the possible cases of G. The two black points in graphs
Rx (16x64) denote the pair of vertices, which are connected by two paths of length
k. This contradicts to the assumption of G.
Lemma 3.7. If G is an S(k)-graph; then k 6= 9.
Proof. Suppose G contains an r1 bridge-path P1 from w0 to wi. By Lemma 1.1, G
is Eulerian. There exists an r2 bridge-path P2 from wi to wj. By Lemmas 3.1{3.6,
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r1; r2 2 f−3;−4g. By Lemma 1.2. G contains no 4-cycle. There are only two possible
cases of G (see Fig. 2f, H1; H2). For H1; there exists an r3 2 f−3;−4g bridge-path P3
from wj to wx. There are only three possible cases of G (see Fig. 2f, Q1; Q2; Q3). Each
Qx (x = 1; 2; 3) contains a 4-cycle, a contradiction to Lemma 1.2. Fig. 2f, R1 shows
that G contains at most one −4 bridge-path. Now there is no path of length 9 from
w0 to w2; H2 is not an S(9)-graph. Hence, there is no S(9)-graph.
Lemma 3.8. If G is an S(k)-graph; then k 6= 10.
Proof. Suppose G contain an r1 bridge-path P1 from w0 to wi. By Lemma 1.1, G
is Eulerian. There exists an r2 bridge-path P2 from wi to wj. By Lemmas 3.1{3.6,
r1; r2 2 f−3;−4;−5g. By Lemma 1.2. G contains no 4-cycle. Fig. 2g, Ht (16t611)
show all the possible cases of G.
Case 1. t 62 f1; 4; 9; 11g. The two black points in graphs Ht (16t611) denote the
pair of vertices, which are connected by two paths of length k. This contradicts to the
assumption of G.
Case 2. t 2 f1; 4; 11g. By Lemma 1.1, G is Eulerian. There exists an r3 bridge-path
P3 from w0 to wx. By Lemma 1.2, G contains no 4-cycle. By Lemmas 3.1{3.6, there
are only two possible cases of G (see Fig. 2g, Q1; Q2). In Q2; there are two paths of
length k from w2 to w8. This contradicts to the assumption of G.
Case 3. H9 or Q1 2 G. There is no path of length k from w0 to w1. By Lemmas
1.1 and 1.2, Lemmas 3.1{3.6, Lemma 3.7, Cases 1 and 2, Fig. 2g, Rx (16x65) show
all the possible cases of G. The two black points in graphs Rx (16x65) denote the
pair of vertices, which are connected by two paths of length k. This contradicts to the
assumption of G.
Lemma 3.9. If G is an S(k)-graph; then k 6= 11.
Proof. Suppose G contain an r1 bridge-path P1 from w0 to wi. By Lemma 1.1, G
is Eulerian. There exists an r2 bridge-path P2 from wi to wj. By Lemmas 3.1{3.6,
r1; r2 2 f−3;−5;−6g. By Lemma 1.2. G contains no 4-cycle. Fig. 2h, Ht (16t619)
show all the possible cases of G.
Case 1. t 62 f5; 19g. The two black points in graphs Ht (16t619) denote the pair
of vertices, which are connected by two paths of length k. This contradicts to the
assumption of G.
Case 2. t=5. By Lemma 1.1, G is Eulerian. There exists an r3 bridge-path P3 from
w0 to wx. By Lemma 1.2, G contains no 4-cycle. By Lemmas 3.1{3.6 and Case 1,
there are only one possible case of G (see Fig. 2h, Q1). There are two paths of length
k from w9 to w13. This contradicts to the assumption of G.
Case 3. t = 19. In Fig. 2h, R1 and R2 show that G contains at most one −6
bridge-path. Now there is no path of length 11 from w0 to w1. H19 is not an S(11)-graph.
Hence, there is no S(11)-graph.
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Thus the proof of Theorem 1.4 is complete.
From Lemmas 1.2 and 1.3 and Theorem 1.4, we conclude that Kotzig's conjecture
is true for all k > 2. Thus we obtain the following theorem:
Theorem. There exists no graph with the property that every pair of vertices is con-
nected by a unique path of length k; k > 2.
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